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ABSTRACT 

 

The research examines how recursive numeric residues, base-2 modular symmetry, and offset normalization 

naturally generate numeric patterns closely aligned with the structural symmetries of high-dimensional geometries, 

particularly the 57-cell. Employing a fibristic and Mohandase methodological framework, the study systematically 

traces numeric relationships emerging from simple recursive operations and decimal residues, notably around 

prime offsets such as 19. By explicitly analyzing numeric normalization and diagonal offsets, the investigation 

reveals harmonic proportions and numeric alignments that inherently reflect established geometric and group-

theoretic configurations, including PSL(2,19). Rather than positing theoretical novelties, this exploration 

transparently synthesizes observed numerical alignments that closely resonate with known polytope structures. 

Comprehensive numeric analyses, along with detailed appendices, clarify these naturally arising structural 

resonances, establishing a clear, jargon-free basis for further empirical visualization and computational validation 

presented in subsequent research. 

 

Keywords: Recursive Residues, Base-2 Modular Offsets, Numeric Normalization, 57-Cell Symmetry, Fibristic 

Methodology, PSL(2,19). 

 

INTRODUCTION 

 

Recursive logic and proportional residue systems form the foundation of this investigation into symbolic-number 

relationships and their embedded geometric implications. Rather than beginning with abstract theorems or axiomatic 

geometry, the study operates through recursive observation, base-2 offset analysis, and the structural emergence of ratios 

within real-world numeric systems. The approach constructs—not assumes—a logic field from the ground up, 

demonstrating how values like 19, 0.382, and 1.142857 serve not as constants in isolation, but as relational markers that 

harmonize through iteration and modular shift. Each ratio, when examined through the lens of decimal residue and offset 

modularity, produces layered structures that echo known high-dimensional geometries, such as the 57-cell, and recursive 

group actions like those of PSL(2,19). 

 

The method is grounded in a fibristic logic of full traceability and motion—every pattern unfolds through a visible decision 

path, rather than a hidden derivation. Applying a Mohandase logic (المهندسة), the research proceeds by reconstructing ratio 

alignments through applicable iteratives, transforming harmonic offsets into modular scaffolds. What emerges is not a 

closed theoretical field but a dynamic system of relationships, organized by ratio logic and governed by recursion, 

tessellation, and self-correcting symmetry. This introductory section begins by observing the role of 19 as a modular 

subtractive offset from base-20, and traces its recursive effects throughout the layered field architecture. The aim is not to 

define chaos away, but to identify how high-dimensional behavior emerges when residue, proportion, and offset converge. 

Framing the study through this recursive and fibristic lens, the central research question arises: 

 

What is the role of recursive decimal residues and base-2 modular symmetry in constructing scalable logic fields that 

mirror geometric expansion in polytope topology? 

 

Base-2 Modular Structure and Recursive Foundations 

Base-2 establishes an operational structure optimized for computational simplicity within the decimal (base-10) system, 

where 20 equals 2 × 10. Subtracting one from 20 yields 19, introducing a minimal margin of error and producing the ratio 

19/20—exactly 95% (i.e., 19 ÷ 20 = 0.95)—which aligns with the standard confidence interval. A one-unit subtraction 
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introduces a diagonal offset that mirrors hierarchical steps and remains easily correctable. Multiplying 19 by 2 within the 

same base yields 38, forming a secondary offset that incorporates a prime number and initiates a vertical shift, thereby 

generating a measurable zigzag pattern akin to a biopsy of numerical space. The following study investigates how recursive 

decimal residues and base-2 modular symmetries give rise to scalable logic fields. These numeric patterns appear to mirror 

the geometric expansion rules, adjacency structures, and modular layering found in high-symmetry polytopes such as the 

57-cell. The central research question guiding this inquiry is: 

 

What is the role of recursive decimal residues and base-2 modular symmetry in constructing scalable logic fields that 

mirror geometric expansion in polytope topology? 

 

METHODOLOGY 

 

Constructing a recursive logic field begins by uncovering how real-world ratios, such as 19/20, 0.382, 1.142857, and 

114.285, naturally generate structured directionality, harmonic scaffolding, and recursive layering. Advancing through each 

ratio reveals traceable logic threads that do not collapse into singular answers but branch across pathways of application. 

Employing a fibristic methodology means weaving complete transparency into every numeric transformation; each modular 

offset, decimal expansion, and harmonic pairing becomes part of a visible structural decision (Bouattoura, 2025). Following 

the El Djezairi paradigm (Bouattoura, approved proposal), the method demands epistemic dignity and a rejection of hidden 

operations. Operating within a Mohandase (Arabic: المهندسة) logic framework means reengineering not in theory, but in 

practice—grounding every structure in real-life ratios and iterative alignment. Building from numeric residues and 

symbolic invariants, the methodology favors applicable iteration over abstraction, unveiling patterns that function as 

harmonic engines rather than isolated results. Emphasizing synthesis and traceability, the fibristic approach shows why 

choices are made, not just what outcomes occur, enabling logic to emerge through recursive, verifiable design. Mapping 

these transformations through visual ratio tables and recursive diagrams ensures multimodal accessibility, demonstrating 

that mathematical insight can occur through symbolic, spatial, or numeric modes. Prioritizing decolonizing methodology 

and democratic access, the field is constructed free of elitist notation and hierarchical closures, allowing entry across 

disciplines, cultures, and learning styles. Iterating through number space reveals functional ranges—domains of modular 

interaction that account for recursive harmonics, proportional drift, and chaotic conditions. In this system, chaos signals 

dimensional saturation, not failure, showing how unresolved variables or higher-order recursion push the logic field beyond 

closure. Cross-validating each phase through human checking and AI-assisted modeling (ChatGPT, Jasper GPT) guarantees 

computational accuracy and structural fidelity. Synthesizing recursive logic and harmonic range places the methodology at 

the apex of Bloom’s revised taxonomy (Anderson & Krathwohl, 2001), treating mathematics not as passive proof but as a 

dynamic, transparent construction. 

 

Noticing 19/20 and Its Golden Connections 

Squaring 19 produces 361, while adding 1 to 360 introduces a deliberate, correctable deviation. The square of 19 also 

contains the value 38, which, when divided by 100, results in 0.38 (i.e., 38 ÷ 100 = 0.38). Subtracting the golden ratio 

(1.618) from 2 gives approximately 0.382 (i.e., 2 − 1.618 = 0.382), and squaring –0.618 produces the same value (i.e., 

(−0.618) × (−0.618) = 0.382). Repetition of 0.38 across these operations positions it as a structural constant within the 

golden ratio framework. Multiplying 0.19 by 2 also results in 0.38 (i.e., 0.19 × 2 = 0.38), directly linking the number 19 to 

this foundational relationship and squaring 1.618 results in approximately 2.618 (i.e., 1.618 × 1.618 = 2.618), effectively 

merging the base value of 2 with the golden ratio and embedding this proportion within a layered numerical system. 

Engaging with a base-2 structure while using the decimal system allows for the creation of offsets that activate numerical 

values while maintaining consistency with binary logic. Deriving 38 from 19 and its offset of -1 offers both structural and 

computational advantages. Alignments emerge in Pascal’s Triangle, where prime numbers and uneven offsets enable access 

to hypercubes and multidimensional analogs, forming transitions from (x + 1) to (x + 2). 

 

Scaling by 3: Structure Across Ratios 

Deriving 57 as 3 × 19 further strengthens these relationships. The number 3, functioning as a scaling constant, recurs 

throughout this framework. Subtracting three from 60 yields 57, and dividing 3 by 60 results in 0.05 (i.e., 3 ÷ 60 = 0.05), 

directly complementing the 19/20 ratio of 0.95. Additionally, dividing 57 by 60 confirms this relationship: 57 ÷ 60 = 0.95. 

Expressing 57/60 as (19 × 3)/(20 × 3) (i.e., 57 ÷ 60 = (19 × 3) ÷ (20 × 3) = 0.95) highlights the embedded structure, 

reinforcing the proportional logic and emphasizing the recurring influence of the number 3, particularly in combinatorial 

and game-theoretical contexts. Further significance emerges in higher-dimensional polytopes. The value 60, a central figure 

in geometric and numerical systems, recurs across degree-based metrics, golden ratio progressions, and the architecture of 
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hexagons and hexagrams. Multiplying 3 by 60 yields 180, situating 60 as one-third of 180 (i.e., 60 = 180 ÷ 3) and one-half 

of 360 (i.e., 60 = 360 ÷ 6)—fundamental values in circular geometry and angular symmetry. The ratios embedded within 

these calculations reveal a layered system of proportional increments, with the number 3 acting as a critical multiplier 

across scales. 

 

Interlocking Ratios and Golden Complements 

Multiplying 3 × 19 yields 57, reinforcing embedded numerical symmetry and fractal modular coherence. Number 57 equals 

60 minus 3; specifically, 19 × 3 equals 57, and 20 × 3 equals 60, generating the 19/20 ratio of 0.95 (i.e., 57 ÷ 60 = 0.95), 

directly aligned with standard confidence intervals. Number 60 holds structural significance in geometric and numeric 

systems, naturally integrating into degree-based measurements, golden ratio iterations, and hexagonal and hexagram 

formations. Multiplying 3 × 60 yields 180, making 60 exactly one-third of 180 and precisely one-sixth of 360 (i.e., 360 ÷ 6 

= 60). Since 19 squared equals 361, subtracting one provides a diagonal alignment to 360, equivalent to 2 × 180, 

reinforcing numerical relationships and symmetry. Ratio 1/6 yields approximately 0.16666 (i.e., 1 ÷ 6 = 0.16666), and ratio 

3/60 equals 0.05 (i.e., 3 ÷ 60 = 0.05), complementary to the 0.95 ratio of 19/20, summing to unity (i.e., 0.05 + 0.95 = 1).  

 

These ratios inherently fit, demonstrating numerical alignment and seamless tessellation, which signifies perfect integration 

without gaps. 

 

Linking 7 to Base-2 and Decimal Scaling 

Considering three divided by 361 (19 squared) yields approximately 0.00833 (i.e., 3 ÷ 361 = 0.0083). Multiplying by 10² 

gives 0.8333 (i.e., 0.00833 × 100 = 0.8333), directly aligning with the ratio 5/6 (i.e., 5 ÷ 6 = 0.8333). Five is the sum of 2 

and 3; six is the product, 2 × 3. Thus, 5/6 represents unity reduced by 1/6 (i.e., 1 − 1/6 = 5/6 = 0.8333), illustrating inherent 

numerical fitting and seamless integration. Number 60 × 10⁻¹ (6.0) multiplied by 10⁻¹ again yields 0.60 (i.e., 6 × 0.1 = 0.6), 

closely approximating unity and linking directly to 0.618, the negative solution of the golden ratio equation x² − x − 1 = 0. 

Solutions to this equation are approximately 1.618 and negative 0.618. Squaring negative 0.618 gives approximately 0.382 

(i.e., (−0.618)² ≈ 0.382), equivalent to 19² × 10⁻¹ (i.e., 361 × 0.1 = 36.1). Squaring 1.618 yields approximately 2.618 (i.e., 

1.618 × 1.618 = 2.618), precisely 2 plus 0.618 (i.e., 2 + 0.618 = 2.618), reinforcing structural numerical convergence. 

 

Analyzing degrees from 60 to 62.5 demonstrates golden-proportion patterns. Ratio 60/62.5 equals 0.96 (i.e., 60 ÷ 62.5 = 

0.96), deviating only 0.01 from the embedded 0.95 ratio. Calculation 95/5 yields exactly 19 (i.e., 95 ÷ 5 = 19), and 96/6 

equals 16 (i.e., 96 ÷ 6 = 16), directly connecting to base-2 logic via 2⁴ (i.e., 2⁴ = 16), linking to octal and hexadecimal 

systems. Dividing 96 by 5 equals 19.2 (i.e., 96 ÷ 5 = 19.2), enabling dual transitions through powers of 10 and incremental 

scaling. Number 0.2, expressed as 2 × 10⁻¹, remains stable when scaled by 10, supporting consistent numerical alignment 

and structural scaling. The calculation 95 ÷ 6 gives 15.8333 (i.e., 95 ÷ 6 ≈ 15.8333), aligning again with the ratio 

fabrication and construction of numerical bases. Ratio 5/6 (0.8333) precisely integrates into structures defined by golden-

ratio orientations offset by unity against base-2. Multiplying 3 by 2 equals 6; adding them yields 5, with their product being 

30. Dividing 5 by 6 equals 0.8333 (i.e., 5 ÷ 6 = 0.8333), exactly matching unity truncated by 1/6. Dividing 6 by five yields 

1.2 (i.e., 6 ÷ 5 = 1.2, or 1 + 1/5), and multiplying by 10 equals 12, reaffirming structural numerical convergence through 

inherent, seamless tessellation. 

 

Base number 2 minus 0.1 equals 1.9 (i.e., 2 − 0.1 = 1.9), establishing numerical alignment by subtracting a decimal 

increment. Numerical alignment dynamically requires inverse operations; hence, one over 2 equals 0.5 (i.e., 1 ÷ 2 = 0.5). 

Subtracting 0.01 from 0.5 results in 0.49 (i.e., 0.5 − 0.01 = 0.49), precisely seven squared (i.e., 7 × 7 = 49). Numeric 

interpolation of 7 transitions naturally into structured numerical alignments. Consequently, relationships such as 2/7 

(approximately 0.285714), 5/7 (approximately 0.714285), and 8/7 (approximately 1.142857) emerge, collectively unified. 

Number 1.142857 corresponds precisely to 19 times 6 (i.e., 19 × 6 = 114), inclusive of the 2/7 variance. Similarly, 

0.285714 equals 19 times 15 (i.e., 19 × 15 = 285.714), where 15 represents an offset from 16 downward by one. 

Considering 2⁶ equals 64, or equivalently 16 times 4 (where four is 2²), 57 plus 7 precisely equals 64 (i.e., 57 + 7 = 64), 

reinforcing embedded normalization of number 7. Subtracting seven from 57 yields 50, returning alignment to base 2 

through factoring with powers of 10. Number 1/7, equal to approximately 0.142857 (i.e., 1 ÷ 7 = 0.142857), illustrates 

harmonic reciprocity inherent in numeric alignment. Number 8/7, equal to one plus 1/7 (i.e., 1 + 1/7 = 1.142857), explicitly 

demonstrates numeric interpolation, where decimal scaling serves as an instrumental tool. Thus, multiplying 14 by 0.5 

(equivalent to division by 2) yields exactly 7 (i.e., 14 × 0.5 = 7), plus the incremental decimal variance 2/7 (approximately 

0.285714), highlighting precision and conceptual clarity through structured numeric control. The grid interpretation system 

effectively simplifies fractions, making decimal slicing and computation significantly more manageable and intuitive. 
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Residues as Anchors in Recursive Systems 

Further numeric alignment emerges with reciprocal fractions. Fraction 6/5 equals 1.2 (i.e., 6 ÷ 5 = 1.2), and multiplying by 

10² yields 120 (i.e., 1.2 × 100 = 120). Similarly, fraction 8/7 (approximately 1.142857) multiplied by 10² yields 

approximately 114.285714 (i.e., 8 ÷ 7 × 100 = 114.285714). Removing the fractional variance (0.285714) leaves exactly 

114 (i.e., 114.285714 − 0.285714 = 114). Dividing 114 by 120 precisely equals 0.95 (i.e., 114 ÷ 120 = 0.95), demonstrating 

seamless and naturally dynamic numeric alignment within the system, and given the value of 95, not removing the variance 

of 2/7 and dividing 114.285714 by 120 yields exactly 0.95238095 (i.e., 114.285714 ÷ 120 = 0.95238095). Multiplying by 

10² gives 95.238095 (i.e., 0.95238095 × 100 = 95.238095), closely approximating 95. Utilizing inverse operations, 

subtracting 0.05 from 95.23 fine-tunes numeric adjustments, yielding 95.18 (i.e., 95.23 − 0.05 = 95.18), demonstrating 

explicit control and practical numeric structuring within this methodology, additionally, dividing 100 by 120 yields 

precisely 0.833333 (i.e., 100 ÷ 120 = 0.833333), reinforcing another inherent numeric relationship within the structured 

system. Iterative numeric complexity—particularly evident in logic fields and fractional division by 7—creates essential 

differentiation and enables fine-grained numeric variance. Iteration through fractions such as 114 plus 2/7, or incrementally 

through 3/7 and onwards towards 115, demonstrates precise numeric control between integers. A method, enhanced by 

scaling via powers of 10 (10⁻¹, 10⁻², 10⁻³, etc.), facilitates extensive experimentation. Such iterative processes support 

continuous refinement and precise adjustments within numeric fields, offering comprehensive, hyper-controlled dynamics. 

 

Reading Pattern and Power in Repeating Decimals 

Repeating decimals, exemplified by 2/7 (approximately 0.285714), highlight structural power inherent in rational decimals, 

providing precise numerical fine-tuning and explicit control. Structural power facilitates democratic access by enabling 

transparent and equitable numeric manipulation. It provides the ability for transformative control, empowering users and 

scholars to engage actively with numeric systems. Positioning individuals within this numeric engagement establishes a 

superposition, allowing multiple simultaneous states of analysis and interpretation. The disposition is characterized by 

embracing all numbers, including negative numbers, and recognizing errors as vital tools rather than limitations. This 

disposition involves vividly examining residuals, understanding repeated decimals as algorithmic tools, and leveraging 

familiar mathematical techniques alongside unfamiliar ones. Errors and residuals become essential instruments for 

discovering future solutions, transforming perceived complexity and chaos into structured, manageable systems. The 

exploratory and algorithmic perspectives fundamentally drive this approach, supporting innovative numerical exploration, 

explicit structural empowerment, decolonization of methodology, and liberation from the status quo. Such critical literacy 

questions the overt complexity and notation presented in traditional numeric fields, recognizing these as potential deliberate 

barriers to democratic access. 

 

Emerging Structure through Modular Recursion 

These relationships are not the product of arbitrary design or aesthetic projection; they are deeply embedded numeric 

behaviors that emerge naturally once operations begin within the base-2 structure in combination with the decimal system. 

When the reciprocal of 2 is taken, the result is 1/2, which is 0.5. The result is not a fixed value but rather a manipulable one 

when instrumentalized within the decimal system. By multiplying 0.5 by 10 raised to the second power, the result is 50. 

Subtracting one from 50, a subtle truncation or deviation — the snubbing operation — yields 49, which is seven squared. 

Marking the emergence of 7 not through selection but through recursive construction. Whether through 7 or negative 7, the 

square remains 49, and this number becomes structurally significant not only because it is a perfect square but because it 

harmonizes a system that originates in a binary operation, reflecting the square of a harmonic divisor emerging as a 

function of base-2 recursion and decimal expansion. Similarly, squaring 19 gives 361, which deviates from 360 by just one 

unit. Such is not a rounding error — this is the appearance of Euclidean alignment, where the full circle of 360 is 

supplemented by one additional unit, marking a recursive overflow or modular excess, revealing 361 as not just a square 

but an intentional elevation of geometric closure. The proximity between 361 and 360 is not a coincidence but a sign of 

harmonic congruence. 

 

These values are not random artifacts; they emerge with clear internal causality, structurally bound by embedded ratios and 

self-correcting errors. For instance, the golden ratio, 1.618, is only 0.002 less than 1.62. That 0.002 appears negligible at 

first glance, but when multiplied by 10 squared — the base of the decimal system’s magnitude scaling — it becomes 0.2. 

Here, 0.2 is also 2 × 10⁻¹, reinforcing the scalar structure of the decimal system embedded within a binary logic. More 

significantly, 0.2 is equivalent to 1/5, indicating a decay component nested in rational form. Returning to the original 

difference, 0.002, it resolves as 2 × 10⁻³, a scalar difference three orders below unity, and thus a third-fold harmonic layer. 

When 0.002 is multiplied by 10 to the fourth power, the result is 20, and subtracting 1 gives 19, revealing that 19 is not only 

a symbolic offset from 20 in base-2 but also a fourfold nested value emerging directly from residual golden deviation when 
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expanded across scalar space. Illustrating that the entire structure operates across a multi-order embedding: a threefold 

harmonic residual from 10⁻³, a decimal expansion through 10⁻¹ and 10⁻² yielding fractional anchors, and a fourfold nesting 

of 19 in base-10 expansion from golden residuals. The seemingly minor value of 0.002 thus becomes an embedded scalar 

node within a harmonic growth-decay structure and a recursive inversion field. Similarly, returning to 0.382, the golden 

ratio's complement within the number 2, it is observed that this equals 19 squared multiplied by 10 to the negative two (i.e., 

361 × 10⁻² = 3.61, then isolated and adjusted). The fact that this fractional residue completes the unity of the system with a 

minute additive offset (0.002), forming 0.38 + 0.002 = 0.382 — the golden ratio difference — reveals a harmonic 

correction, not an error. From this angle of observation and through our computational approach, one cannot help but notice 

that the shape and the field emerging as four-dimensional, with 19 acting as the offset base. The recurrence of 0.002 scaling 

into 20 and then subtracting to yield 19 is confirming a layered, scalar recursion, not as proof in isolation, but as a pattern 

consistent with the very properties embedded in the 57-cell and the logic field IRLF(2,19), both of which are inherently 

four-dimensional. 

 

When 1.618 is squared, the result is 2.618, and again this value reveals the structural recursion: 2.618 is two plus 0.618, 

showing that the golden ratio regenerates its structure through multiplication. The complement to that 0.618 is again 0.382, 

and the difference that recurs between these transformations is not residual in the dismissive sense — it is residual as 

resonance, a recursive harmonic fragment that continually emerges from and flows through the system. The logic field does 

not merely permit this residual relationship — it is required by it. It appears under division, under subtraction, under 

squaring, and inversion. 

 

Meaning does not need to be imposed upon these quantities; the relationships between 2, 19, 7, and golden-ratio 

components are already mathematically entangled. These emerge naturally once recursive operations are performed, 

inverses are taken, symbolic units are subtracted (like the −1 from 20 to reach 19), and powers of 10 are used to traverse the 

decimal base, while examining how square roots and reciprocals fold into themselves. Producing a symbolic-numeric 

topology where the field is curved, not metaphorically, but numerically — ratios loop back on their reciprocals, as 

multiplications produce spatial constants like 49 or 361, and as decimal-based iterations reveal modular alignments that 

resist randomness and instead reinforce internal logic. In this system, squaring reveals identity, inversion reveals harmonic 

symmetry, and residuals are not errors but proof of recursive integrity. 

 

Reframing Binomial Structure through Shifts 

Additionally, this numeric system initiates a significant structural realignment when interpreted through base-2 logic. 

Reducing the value from 20 to 19 — an intentional offset of one unit (n − 1) — introduces a combinatorial shift that carries 

both algebraic and geometric implications. Algebraically, it parallels the transformation from the binomial expansion (x + 

1)^n to (x + 2)^n, suggesting a shift from standard combinatorics to more complex branching structures. Geometrically, this 

corresponds to a transition from simplicial forms, such as triangles and tetrahedra, associated with Pascal’s triangle and n-

simplices, to structures with hypercubic symmetry, where the number of vertices scales as 2^n. This shift embodies a 

distinct spatial logic, one rooted in orthogonal and binary branching patterns. 

 

Moreover, this change finds a geometric analog in snubbing — the controlled truncation of regular polytopes that 

introduces diagonality, asymmetry, and combinatorial reconfiguration. Such operations appear prominently in high-

dimensional abstract polytopes, particularly the 57-cell and 11-cell, whose automorphism groups correspond to PSL(2,19) 

and PSL(2,11), respectively. The recurrence of base-19 and related numerical patterns across these geometric, algebraic, 

and logic-field domains suggests that the offset from 20 to 19 is not merely symbolic but reflects a deep structural 

resonance. These interwoven numeric motifs — including powers of two, binomial shifts, and PSL symmetry groups — 

point toward an underlying self-similar system. This system integrates numerical truncation, geometric snubbing, and logic-

field architecture into a coherent mathematical framework. 

 

Symbolic Structures of the 57-Cell: Recursive Logic Demonstrated via Appendices 

The grouped ratio structures detailed throughout this study serve as symbolic scaffolding, actively clarifying the deeper 

recursive and modular architecture inherent to the 57-cell and its alignment with IRLF(2,19). Rather than individually 

describing each fraction, the appendices facilitate recognition of how local vertex clustering, expansion ratios, and 

symmetry overflow patterns harmonize with base-2 modular computations, golden-ratio offsets, and PSL(2,19) group 

actions. Each ratio, whether straightforward, such as 57 ÷ 60 = 0.95, or layered like 285 ÷ 114 = 2.5—actively demonstrates 

how the 57-cell encodes modular scaling, truncation logic, and recursive symmetry structures foundational to subsequent 

logic-field formalizations. 
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The structural ratios underpinning this analysis are comprehensively detailed across four appendices, each serving a distinct 

but interconnected purpose. Appendix A systematically maps modular ratios derived directly from key structural features of 

the 57-cell and Perkel graph, actively highlighting patterns in vertex clustering, edge adjacency, and symmetry overflow. 

Appendix B categorizes these ratios into clear functional roles, facilitating a deeper understanding of symmetry dynamics, 

face-to-edge relationships, and scaling patterns. Appendix C visually organizes these ratios into a structured symbolic 

diagram, actively demonstrating the recursive relationships among vertices, edges, cells, and layers within the 57-cell’s 

overall architecture. Finally, Appendix D provides interpretive notes that clarify and contextualize the recursive layering 

and symmetry overflow patterns, reinforcing how these numeric ratios collectively scaffold the recursive field IRLF(2,19) 

and its inherent alignment with modular arithmetic and polytope geometry. These appendices are not merely 

supplementary; they integrally support the active numerical encoding of topological structures, demonstrating clearly how 

base-2 modular logic, harmonic layering, and combinatorial geometry coherently interlink within the logic-field 

architecture. 

 

SUMMARY AND SIGNIFICANCE 

 

Culminating this exploration, the Perkel graph stands out among distance-regular graphs for combining combinatorial 

depth, spectral symmetry, and rich subgroup architecture. It integrates a precise intersection array, orbit-resolved coclique 

geometry, projective group actions, Petersen graph embeddings, and dodecahedral face logic into a unified combinatorial 

model (Coolsaet&Degraer, 2005; Brouwer, Cohen, & Neumaier, 1989; Perkel, 1979; Neumann, 1968). As a graph-

theoretic counterpart to the 57-cell, it provides a discrete framework for exploring the same symmetries that govern 

geometric polytopes. The preceding structure is a compressed, symbolic blueprint of the 57-cell’s internal symmetry and 

modular geometry. Each ratio captures adjacency patterns, group-theoretic layering, or geometric scaling behaviors 

embedded within the polytope. These are not just numeric coincidences — they show how symmetry propagates across 

vertices, edges, faces, and modular truncations. In particular, values like 57/60, 171/15, and 285/114 reflect golden-ratio 

alignment and base-2 symmetry modulation. Taken as a whole, this layout invites the reader to trace the recursive 

framework through equations and directly through spatial relationships, reinforcing the coherence of the field IRLF(2,19) at 

both local and global scales. 

 

CONCLUSION 

 

The central inquiry guiding this study asked how recursive decimal residues and base-2 modular symmetry contribute to 

constructing scalable logic fields that reflect the expansion logic of high-symmetry polytopes. Rather than proposing a 

theory or introducing new formal systems, the work applied a fibristic and Mohandase methodology to trace and unveil 

existing numeric relationships.  

 

Through synthesis and direct numeric observation, the structure IRLF(2,19) emerged as a field that aligns with, and 

resonates through, the known properties of the 57-cell and the Perkel graph. This emergence was not imposed but surfaced 

through iterative ratio logic, modular offsets, and base-2 expansions that recurrently mirror the topological and 

combinatorial features embedded in these geometric forms. No claims beyond this are made. The outcome is demonstrative, 

not declarative: it shows what becomes visible when harmonic residues and base-modular scaffolding are made 

computationally transparent.  

 

The method foregrounds democratic access and decolonial epistemology, eschewing inaccessible notation or closed 

systems, allowing the numeric structure to speak in ratios, tables, and figures. Through this lens, the logic field reveals its 

invariant properties, unveiling visible markers. What is unveiled is not speculative—these are already operative relations, 

dusted off, traced, and recontextualized for open inquiry. 

 

As demonstrated in Bouattoura (2025), we have observed these principles actively applied and synthesized in 

computational frameworks. The current exploration maps these ratios and numeric relationships as they naturally emerge 

through the fibristic approach and a Mohandase style of synthesis, emphasizing practical construction over theoretical 

claims.  The following article will expand upon these foundations, moving toward explicit visualization and analysis of 

numeric grids and the intricate relationships they form. Consistent with the El Djezairi ethos, this subsequent exploration 

claims no new discovery but instead unveils, clarifies, and re-engineers patterns that are inherently repeated through natural 

occurrences and observable in living computational manifestations. 
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Appendix A: Modular Ratio Map of the 57-Cell—Structural Ratios and Interpretations 

Appendix A presents a comprehensive table of modular ratios extracted from the structural geometry of the 57-cell. Each 

ratio corresponds to specific structural elements—vertices, edges, and faces—and provides numerical insight into adjacency 

patterns, symmetry distributions, and recursive scaling factors within the polytope. Ratios are accompanied by precise 

structural interpretations, offering clear mathematical connections to established polytope geometry, projective symmetry, 

and group theory literature (Brouwer et al., 1989; Coolsaet&Degraer, 2005; Coxeter, 1973; Grünbaum, 2003; Monson & 

Schulte, 2004; Neumann, 1968). 

 

Expression Fraction Decimal Simplified 
Structural 

Interpretation 
Explanation and Reference 

57 ÷ 6 57/6 9.5 19/2 Vertex clustering 
Each 6-vertex group clusters vertices into 

9.5 groups (Coxeter, 1973). 

171 ÷ 6 171/6 28.5 57/2 Edge density per cluster 
Edges per cluster, indicating localized edge 

distribution (Coolsaet&Degraer, 2005). 

6 ÷ 171 6/171 0.035088 2/57 Edge-minimal ratio 
Sparse connectivity ratio, edges minimal 

per vertex cluster (Brouwer et al., 1989). 

20 ÷ 171 20/171 0.116959 20/171 Face-to-edge ratio 
Ratio indicates pentagonal faces relative to 

edges (Brouwer et al., 1989). 

171 ÷ 20 171/20 8.55 171/20 Edges per face group 
Edges per pentagonal face cluster; dense 

face adjacency (Grünbaum, 2003). 

171 ÷ 9 171/9 19.0 19/1 
Field size match (PSL 

alignment) 

Aligns with PSL(2,19) order; indicates 

deep symmetry connection (Neumann, 

1968). 

171 ÷ 190 171/190 0.9 9/10 
Edges vs. antipodal 

triples 

Ratio close to unity; shows edges aligning 

with triple structures (Coolsaet&Degraer, 

2005). 

190 ÷ 171 190/171 1.111111 190/171 
Triples vs. edges 

(surplus) 

Indicates a slight surplus in antipodal 

triples over edges, significant for structure 

balancing. 
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171 ÷ 15 171/15 11.4 57/5 
Edges over local 

neighbor groups 

Edge distribution within localized neighbor 

groups (Grünbaum, 2003). 

15 ÷ 171 15/171 0.087719 5/57 
Local connection vs. 

total edges 

Reflects minor connections relative to total 

edge count (Grünbaum, 2003). 

6 ÷ 15 6/15 0.4 2/5 
Adjacency ratio (faces-

clusters) 

Proportion of adjacency between face and 

vertex clusters (Grünbaum, 2003). 

15 ÷ 6 15/6 2.5 5/2 Reverse adjacency ratio 
Indicates expansion factor of clusters 

relative to faces (Grünbaum, 2003). 

57 ÷ 15 57/15 3.8 19/5 Vertices per local group 

Vertices per pentagonal local group; ratio 

important for vertex structuring 

(Coolsaet&Degraer, 2005). 

171 × 2 342 342 342/1 Projective edge doubling 

Reflects doubling of edges for full 

projective structure coverage 

(Coolsaet&Degraer, 2005). 

342 ÷ 360 342/360 0.95 19/20 
Projective tessellation 

fill ratio 

Indicates near-complete tessellation, key to 

polytope geometry (Grünbaum, 2003). 

57 ÷ 3 57/3 19.0 19/1 
Field alignment (3-

group structure) 

Reflects field symmetry alignment with 

PSL(2,19), core of IRLF(2,19) (Neumann, 

1968). 

57 ÷ 60 57/60 0.95 19/20 
Vertex-to-symmetry 

proportion 

Indicates truncation logic and vertex 

distribution relative to complete symmetry 

(Monson & Schulte, 2004). 

7 × 19 133 133 133/1 
Symmetry overflow 

product 

Signifies additional symmetry layering 

(Coolsaet&Degraer, 2005). 

114 ÷ 30 114/30 3.8 19/5 
Local expansion scale 

factor 

Scaling factor indicating local recursive 

expansion layers (Grünbaum, 2003). 

114 ÷ 133 114/133 0.857143 114/133 Layer density ratio 
Indicates how densely packed layers are 

relative to each other (Grünbaum, 2003). 

133 ÷ 120 133/120 1.108333 133/120 Overlayer complexity 
Indicates complexity increase over the base 

simplex structure (Grünbaum, 2003). 

114 ÷ 200 114/200 0.57 57/100 Partial fill alignment 

Ratio of structure partially filled within 

modular coverage (Coolsaet&Degraer, 

2005). 

133 ÷ 200 133/200 0.665 133/200 Density similarity ratio 
Density ratio for similar layers, critical for 

recursive logic (Grünbaum, 2003). 

133 ÷ 114 133/114 1.166667 133/114 
Reverse expansion from 

the layer 

Indicates reverse layering, measuring 

complexity overflow (Grünbaum, 2003). 

114 ÷ 150 114/150 0.76 19/25 
Cover fraction from 

above 

Indicates fractional layer coverage from an 

upper-layer perspective (Grünbaum, 2003). 

19 × 8 152 152 152/1 Large modular layer 
Reflects modular layering size for larger 

structural expansions (Grünbaum, 2003). 
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114 ÷ 152 114/152 0.75 3/4 Layer filling proportion 
Indicates 75% density filling, essential for 

layer spacing (Grünbaum, 2003). 

3 ÷ 15 3/15 0.2 1/5 
Minimal triple-layer 

group 

Base minimal triple-layering proportion 

(Grünbaum, 2003). 

15 ÷ 3 15/3 5.0 5/1 
Full expansion (base 

triples) 

Complete expansion factor from minimal 

base structure (Grünbaum, 2003). 

19 × 15 285 285 285/1 
Full modular expansion 

(IRLF core) 

Fundamental modular layering number, 

recursive base (Neumann, 1968). 

285 ÷ 114 285/114 2.5 5/2 
Scale transition across 

expansion 

Indicates scaling between structural 

expansions (Grünbaum, 2003). 

60 - 57 3 3 3/1 
Symmetry overflow 

indicator 

Indicates additional symmetry or modular 

correction (Coolsaet&Degraer, 2005). 

60 ÷ 57 60/57 1.052632 60/57 
Reverse symmetry 

adjustment 

Reflects symmetry adjustments to maintain 

proportionality (Coolsaet&Degraer, 2005). 

171 ÷ 600 171/600 0.285 57/200 
Edge density under 

maximal expansion 

Ratio reflecting edge density at maximum 

structural coverage (Grünbaum, 2003). 

171 ÷ 60 171/60 2.85 57/20 
Edge-to-vertex under 

modular cover 

Ratio of edge count to vertex number under 

modular symmetry (Grünbaum, 2003). 

 

Appendix B: Grouped Ratio Classifications by Structural Role 

Appendix B groups numerical ratios derived from the 57-cell into clear structural roles—Symmetry, Edge, Vertex, Face, 

and Expansion and Layering—highlighting their relationships to the recursive numeric structure in IRLF(2,19). By 

organizing these ratios systematically, this table facilitates tracing modular arithmetic patterns, verifying symmetry 

alignment, and exploring recursive geometric structures. Each ratio includes references to peer-reviewed mathematical 

sources, supporting transparent, verifiable, and rigorous analysis while reinforcing connections between numeric relations 

and polytope topology. 

 

Symmetry-Related Ratios 

 

Expression Fraction Decimal 
Simplified 

Fraction 

Structural 

Interpretation 
Explanation and Reference 

57 ÷ 60 57/60 0.95 19/20 

Vertices vs. 

dodecahedral 

symmetry 

Vertices form 95% of full 

symmetry, indicating 

truncation logic (Monson & 

Schulte, 2004). 

60 ÷ 57 60/57 1.052632 60/57 Symmetry surplus 

Slight surplus reflects 

necessary symmetry adjustment 

(Coolsaet&Degraer, 2005). 

342 ÷ 360 342/360 0.95 19/20 
Projective tessellation 

fill 

Indicates near-complete 

projective tessellation coverage 

(Grünbaum, 2003). 

60 − 57 3/1 3 3/1 Symmetry overflow 

Indicates additional symmetry 

layering or modular correction 

(Coolsaet&Degraer, 2005). 
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Edge-Related Ratios 

 

Expression Fraction Decimal 
Simplified 

Fraction 

Structural 

Interpretation 
Explanation and Reference 

171 ÷ 6 171/6 28.5 57/2 Edges per vertex cluster 
Localized edge distribution per vertex 

cluster (Coolsaet&Degraer, 2005). 

171 ÷ 20 171/20 8.55 171/20 Edges per face cluster 
Dense adjacency ratio within face 

clusters (Grünbaum, 2003). 

171 ÷ 9 171/9 19 19/1 
Edge grouping alignment 

with PSL(2,19) 

Reflects field structure alignment 

(Neumann, 1968). 

171 ÷ 15 171/15 11.4 57/5 

Edges are distributed 

among neighboring 

groups 

Indicates local edge distribution 

(Grünbaum, 2003). 

171 × 2 342/1 342 342/1 Projective edge doubling 

Reflects a double-edged structure for 

projective symmetry 

(Coolsaet&Degraer, 2005). 

171 ÷ 600 171/600 0.285 57/200 
Edge density in maximal 

expansion 

Density measure under full structural 

coverage (Grünbaum, 2003). 

171 ÷ 60 171/60 2.85 57/20 
Edge-to-vertex modular 

ratio 

Ratio under modular symmetry 

conditions (Grünbaum, 2003). 

 

Vertex-Related Ratios 

 

Expression Fraction Decimal 
Simplified 

Fraction 

Structural 

Interpretation 
Explanation and Reference 

57 ÷ 6 57/6 9.5 19/2 Vertex grouping 
Cluster structure around 6-vertex 

grouping (Coxeter, 1973). 

57 ÷ 3 57/3 19 19/1 Vertex field alignment 
Alignment with PSL(2,19) 

(Neumann, 1968). 

57 ÷ 15 57/15 3.8 19/5 
Vertices per neighbor 

group 

Localized vertex distribution per 

neighbor group 

(Coolsaet&Degraer, 2005). 

7 × 19 133/1 133 133/1 
Vertex organization 

through symmetry 

Organization of vertices through 

field expansion 

(Coolsaet&Degraer, 2005). 
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Face-Related Ratios 

 

Expressio

n 
Fraction Decimal 

Simplified 

Fraction 

Structural 

Interpretation 
Explanation and Reference 

20 ÷ 171 20/171 0.116959 20/171 Faces compared to edges 
Face-edge relational structure (Brouwer et 

al., 1989). 

6 ÷ 171 6/171 0.035088 2/57 
Minimal faces compared 

to the edge set 

Sparse connectivity of minimal faces 

(Brouwer et al., 1989). 

15 ÷ 171 15/171 0.087719 5/57 
Local faces compared to 

total edges 

Local-global face-edge density ratio 

(Grünbaum, 2003). 

6 ÷ 15 6/15 0.4 2/5 
Faces per neighbor 

cluster 

Adjacency ratio within localized clusters 

(Grünbaum, 2003). 

15 ÷ 6 15/6 2.5 5/2 
Reverse face clustering 

expansion 

Indicates inverse scaling factor of face 

clusters (Grünbaum, 2003). 

 

Expansion and Layering Ratios 

 

Expression Fraction Decimal 
Simplified 

Fraction 

Structural 

Interpretation 
Explanation and Reference 

114 ÷ 30 114/30 3.8 19/5 
Layering expansion 

factor 

Recursive local expansion layering 

(Grünbaum, 2003). 

114 ÷ 133 114/133 0.857143 114/133 
Density between 

layers 

Density packing of layers relative to 

each other (Grünbaum, 2003). 

133 ÷ 120 133/120 1.108333 133/120 Overlayer complexity 
Complexity measure over simplex 

baseline (Grünbaum, 2003). 

114 ÷ 200 114/200 0.57 57/100 Partial expansion fill 
Partial structural filling ratio 

(Coolsaet&Degraer, 2005). 

133 ÷ 200 133/200 0.665 133/200 
Layer density 

similarity 

Similarity ratio in layer densities 

(Grünbaum, 2003). 

133 ÷ 114 133/114 1.166667 133/114 
Reverse layer 

expansion 

Expansion complexity from top layer 

downwards (Grünbaum, 2003). 

114 ÷ 150 114/150 0.76 19/25 
Coverage fraction 

from the upper layer 

Fractional upper-layer coverage 

(Grünbaum, 2003). 

19 × 8 152/1 152 152/1 
Modular layer 

structuring 

Modular scaling for structural 

expansions (Grünbaum, 2003). 

285 ÷ 114 285/114 2.5 5/2 
Expansion scale 

transition 

Scaling between structural expansions 

(Grünbaum, 2003). 

19 × 15 285/1 285 285/1 
Modular recursive 

base 

Fundamental recursive modular layer 

(Neumann, 1968). 
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Appendix C: Recursive Architecture of the 57-Cell 

Complementing previous modular ratio tables, this appendix organizes key structural ratios into distinct functional 

categories. It emphasizes vertex clustering, edge symmetry, face layering, and expansion hierarchies, highlighting the 

recursive architecture and modular coherence underlying the 57-cell. 

 

Vertices (57) 

 

├── Local Clustering: 57 ÷ 6 = 9.5 → Each 6-vertex group clusters into approximately 9.5 groups. 

└── Symmetry Comparison: 57 ÷ 60 = 0.95 → Vertices represent 95% of full dodecahedral symmetry. 

 

Edges (171) 

 

├── Local Distribution: 171 ÷ 6 = 28.5 → Edge distribution per 6-vertex cluster. 

├── Face Adjacency: 171 ÷ 20 = 8.55 → Edges per face cluster. 

├── Field Alignment: 171 ÷ 9 = 19 → Direct match to the field size of PSL(2,19). 

├── Neighbor Grouping: 171 ÷ 15 = 11.4 → Edges distributed among local neighbor groups. 

├── Expansion Ratio: 171 × 2 = 342 → Double-edge structure for projective coverage. 

├── Edge Density: 171 ÷ 600 ≈ 0.285 → Edge density within maximal structural expansion. 

└── Symmetry Connection: 171 ÷ 60 = 2.85 → Ratio of edges to symmetry structure. 

 

Cells (57 Hemi-Dodecahedra) 

 

├── Cell Adjacency: Each cell connects to exactly six other cells. 

├── Edge Sharing: Approximately three edges per cell (171 edges across 57 cells). 

└── Face Sharing: Pentagonal face sharing indicated by 171 ÷ 15 = 11.4 edges. 

 

Faces and Local Relations 

 

├── Minimal Face Ratio: 20 ÷ 171 ≈ 0.117 → Ratio of faces to total edges. 

├── Minor Clustering: 6 ÷ 15 = 0.4 → Faces per local neighbor cluster. 

├── Reverse Clustering: 15 ÷ 6 = 2.5 → Expansion scaling from faces to clusters. 

└── Micro Face-to-Edge Ratio: 6 ÷ 171 ≈ 0.035 → Sparse face connectivity. 

 

Layering and Expansion 

 

├── Modular Growth: 19 × 15 = 285 → Fundamental modular expansion scale. 

├── Fine Scaling: 285 ÷ 114 = 2.5 → Scaling transition between expansions. 

├── Local Expansion: 114 ÷ 30 = 3.8 → Local recursive layering factor. 

├── Density Layering: 114 ÷ 152 = 0.75 → 75% filling density indicating gaps for recursive layers. 

├── Partial Coverage: 114 ÷ 200 = 0.57 → Indicates partial structural fill. 

├── Reverse Layering: 133 ÷ 114 ≈ 1.1667 → Complexity measure in reverse expansions. 

├── Simplex Expansion: 133 ÷ 120 ≈ 1.1083 → Expansion complexity relative to simplex baseline. 

└── Full Expansion Step: 15 ÷ 3 = 5 → Complete expansion from minimal base triples. 

 

Symmetry and Completion 

 

├── Projective Fill: 342 ÷ 360 ≈ 0.95 → Near-complete tessellation. 

├── Field Balance: 57 ÷ 3 = 19 → Direct alignment with PSL(2,19) symmetry. 

├── Symmetry Overflow: 60 − 57 = 3 → Extra symmetry or modular correction factor. 

├── Fine-tuning: 60 ÷ 57 ≈ 1.0526 → Slight symmetry adjustment for consistency. 

└── Layer-size Product: 19 × 8 = 152 → Reflects modular layer structuring. 
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Special Links 

 

├── Vertex-to-Symmetry Scaling: 9.5 ↔ 0.95 → Local vs global symmetry (scaling factor of 10). 

└── Edge-to-Modular Expansion: 28.5 ↔ 285 → Edge distribution scaling relative to modular structure (scaling factor of 

10). 

 

Appendix D: Interpretive Notes on Layering and Symmetry Overflow 

These interpretive notes complement the structural breakdown by illustrating recursive and modular complexity in the 57-

cell. The emphasis is on highlighting critical numerical relationships related to symmetry overflow, layering intricacies, and 

structural coherence. 

 

[57-Cell Total Structure] 

 

├── [Vertices (57)] 

│   ├─ Vertex Clustering: 57 ÷ 6 = 9.5 → Vertices form clusters of approximately 9.5 groups. 

│   ├─ Symmetry Fill Ratio: 57 ÷ 60 = 0.95 → Vertices represent 95% of full dodecahedral symmetry. 

│   ├─ Field Alignment: 57 ÷ 3 = 19 → Direct alignment with PSL(2,19) symmetry. 

│   └─ Vertex Cluster Size: 57 ÷ 15 = 3.8 → Local vertex distribution per neighbor group. 

│ 

├── [Cells (57 Hemi-Dodecahedra)] 

│   ├─ Cell Adjacency: Each cell connects precisely to 6 others. 

│   └─ Edges per Cell: Approximately three edges per cell, totaling 171 edges across 57 cells. 

│ 

├── [Edges (171)] 

│   ├─ Edges per Vertex Cluster: 171 ÷ 6 = 28.5 → Edge distribution per cluster. 

│   ├─ Edges per Face Cluster: 171 ÷ 20 = 8.55 → Density of edges within face clusters. 

│   ├─ PSL Field Match: 171 ÷ 9 = 19 → Matches field size of PSL(2,19). 

│   ├─ Edges per Neighbor Group: 171 ÷ 15 = 11.4 → Local neighbor-group edge distribution. 

│   ├─ Double Edge Structure: 171 × 2 = 342 → Projective symmetry coverage through doubling. 

│   ├─ Edge Density (Large Scale): 171 ÷ 600 ≈ 0.285 → Density within maximal structural expansion. 

│   └─ Edge-to-Symmetry Scaling: 171 ÷ 60 = 2.85 → Ratio of edges to symmetry structure. 

│ 

├── [Faces] 

│   ├─ Face-Edge Ratio: 20 ÷ 171 ≈ 0.117 → Ratio of faces to total edges. 

│   ├─ Local Face-to-Vertex Ratio: 6 ÷ 15 = 0.4 → Localized adjacency between faces and vertex clusters. 

│   ├─ Inverse Scaling: 15 ÷ 6 = 2.5 → Scaling factor of clusters relative to faces. 

│   └─ Minimal Local Face Density: 6 ÷ 171 ≈ 0.035 → Sparse local face connectivity. 

│ 

├── [Symmetries] 

│   ├─ Projective Fill Ratio: 342 ÷ 360 ≈ 0.95 → Near-complete tessellation coverage. 

│   ├─ Symmetry Overflow: 60 − 57 = 3 → Additional symmetry layering or modular correction. 

│   ├─ Symmetry Surplus Adjustment: 60 ÷ 57 ≈ 1.0526 → Slight symmetry adjustment for balance. 

│   └─ Extended Field Layering: 7 × 19 = 133 → Reflects symmetry through field expansion. 

│ 

└── [Expansion and Layering] 

    ├─ Full Modular Expansion: 19 × 15 = 285 → Fundamental scale of modular recursion. 

    ├─ Scaling Expansions: 285 ÷ 114 = 2.5 → Structural scale transitions. 

    ├─ Local Layering: 114 ÷ 30 = 3.8 → Recursive local layering factor. 

    ├─ Density Layering: 114 ÷ 133 ≈ 0.857 → Relative density between layers. 

    ├─ Modular Simplex Expansion: 133 ÷ 120 ≈ 1.108 → Complexity scaling from simplex baseline. 

    ├─ Partial Fill Ratio: 114 ÷ 200 = 0.57 → Indicates partial coverage within expansions. 

    ├─ Similar Density Comparison: 133 ÷ 200 = 0.665 → Similar density patterns across layers. 
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    ├─ Reverse Layering: 133 ÷ 114 ≈ 1.1667 → Complexity observed from top-down layering. 

    ├─ Partial Covering: 114 ÷ 150 = 0.76 → Fractional coverage from an upper-layer perspective. 

    ├─ Density Filling: 114 ÷ 152 = 0.75 → 75% fill, essential for recursive spacing. 

    ├─ Minimal Triple Structure: 3 ÷ 15 = 0.2 → Base minimal triple-layer grouping. 

    ├─ Full Triple Expansion: 15 ÷ 3 = 5 → Complete expansion from minimal triples. 

    └─ Large Modular Structure: 19 × 8 = 152 → Structuring scale for larger expansions. 
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